A single electron transistor with quantum rings by Hosseinzadeh, Ali & Saeidian, Shahpoor
A single electron transistor with quantum rings
Ali Hosseinzadeh1, ∗ and Shahpoor Saeidian1, †
1Department of Physics, Institute for Advanced Studies in Basic Sciences (IASBS), Gava Zang, Zanjan 45137-66731, Iran
(Dated: October 6, 2018)
We Have developed the concept of a new kind of single-electron transistor in which the transport of
the electron through a quantum wire is controlled by charged quantum rings. Using a 2D harmonic
potential as the transverse constraint, we numerically investigated the transport of the electron
through the wire. We have shown that in the low energy limit, for a suitable configuration of the
rings, called the quadrupole configuration, we are able to adjust the conductance of the wire and
therefore control the switching process.
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I. INTRODUCTION
During the last decade there has been a growing inter-
est for developing new electronic devices in nanoscales.
The quantum behavior of these devices gives them new
abilities never seen in classical electronics. A well-known
example is the single electron transistor (SET). It is con-
sidered as an important element of future low power
and high density integrated circuits. SET is a nanoscale
switching device which is made of an electronic channel
between the source and the drain and is based on the
tunneling effect. A gate voltage Vg is used to control a
one-by-one electron transfer from the source to the drain
via a quantum dot (QD). When the voltage Vg is less
than a threshold voltage Vt, the system is in the Coulomb
blockade state and the switch is closed. If the voltage Vg
exceeds Vt, the switch is open and the current can start to
flow through the channel. The goal of this paper is to in-
troduce a new type of SET in which electronic transport
in discrete channels of a quantum wire (which we call the
transverse modes) is controlled by circular charged quan-
tum rings. This may allow better control of the switching
process compared to the usual SETs.
To implement the required configuration for this study,
we have to utilize quantum wires and quantum rings.
The Drude model describes the transport of electrons in
conductors by the Boltzmann transport equation and in-
troduces a mean free path Λ. If the system’s dimensions
are less than the mean free path Λ, the impurity scatter-
ing is negligible. In this case, the electron transport can
be regarded as truly ballistic (conducting without any
scattering). At relatively low temperatures, the contri-
bution to the conductance is given by the electrons with
energies close to the Fermi surface EF . Quantum wires
are defined as electrical conductors that have a thickness
or diameter w comparable with the Fermi wavelength λF
or less, and a length L less than Λ. Therefore, the wire
can be regarded as a quasi one-dimensional system in
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which the quantum effects influence the transport prop-
erties of the electrons. Typical quantum wires are tens of
nanometers in diameter and a few micrometers in length.
Due to their rich and fascinating electrical properties, the
metallic nanowires are of particular interest [1].
Let us consider a perfect quantum wire between two
terminals. We assume the quantum wire is composed of
a given number of transverse modes. According to the
Bu¨ttiker model [2], the electron dynamics in the effective
mass approximation is described by the following Hamil-
tonian:
H = − ~
2
2m∗
∇2 + Vc(r⊥) + Ec, (1)
where m∗ is the effective mass of the electron, V (r⊥) is a
confining potential, r⊥ is in the transverse direction and
Ec is the conduction band edge of the (bulk) conductor
material. Because of the narrowness of the confining po-
tential Vc(r⊥) the energy for the transverse propagation
is quantized (E⊥ = εn, n is the index for the discrete
spectrum). The total energy for each transverse mode n
can be written as
En(kz) = Ec + εn +
~2k2z
2m∗
. (2)
Here kz is the wave vector component along the wire.
The electrons of a contact in thermodynamical equilib-
rium can be considered to be Fermi-distributed with an
electrochemical potential µ. Assuming a quantum wire
between two contacts with chemical potentials µs and
µd (Fig.1), the net contribution to the conductance is
from the electrons lying in the states with energy E such
that µd < E < µs. In reality the potential landscape
inside the device will be modified due to the electrostatic
potential created by the electrons. However, for simplic-
ity we assume that the chemical potential is constant for
kz > 0 and kz < 0 inside the channel, and we do not have
to consider any voltage drop inside the device. Besides
we assume that the thermal energy kBT is much smaller
than the energy gap between the levels. In this case the
conductance is given by [3]
G = 2R−1k M(E), (3)
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2FIG. 1: Schematic drawing of energy band diagram of a per-
fect quantum wire connected to two contacts.
where the so-called von Klitzing constant Rk = h/e
2 ≈
2.6×104Ω is the standard resistance quantum and M(E)
is the number of open channels of the quantum wire with
an energy E which is given by
M(E) =
∑
n
Θ(E − En(kz = 0)). (4)
So far we considered a perfect quantum wire i.e., with-
out dissipation or scatterer. However, in the case of
scattering induced by a scatterer (such as defects, im-
purities or irregularities) the conductivity, in tempera-
ture T if a small bias voltage is applied to the system
(δµ = µs − µd  µs) is given by the Landauer equation
G = G(EF = µs, T ) = 2R
−1
k
∑
n,n′
∫
Tnn′(E)
(−∂f
∂E
)
dE,
(5)
where the summation is over the open channels. Here
Tnn′ denotes the probability of transition from the state
n to n′ and f(E,EF ) =
[
exp(E−EF )/kBT +1
]−1
is the
Fermi-Dirac distribution function. −∂f(E,EF )∂E is referred
to as the broadening function. In zero temperature (T =
0) Eq.(5) is simplified to
G = 2R−1k
∑
n,n′
Tnn′(EF ) (6)
which in the absence of scattering (Tnn′ = δnn′) is re-
duced to Eq.(3).
The other requirements for our configuration are quan-
tum rings (QRs). QRs and QDs are two well-known
examples of quasi-zero-dimensional structures. Because
of their size which are of the order of phase-coherence
length of their electrons, these structures exhibit some
interesting purely quantum mechanical effects. The elec-
tronic states of these nano-size objects are quantized just
like those of an atom. However, these so-called artificial
atoms have the advantage that their electronics and op-
tical behaviors are tunable and the engineered nature
of them enables the adjusting of their properties in the
fabricating process which makes them very useful. Zinc
oxide nanorings, formed by rolling up single-crystal nano
belts are well-known quantum rings [4]. QRs can also be
produced by droplet epitaxial growth [5, 6] and atomic
force microscope tip oxidation [7, 8] techniques.
Due to their topology, QRs show more flexibility in
electronic structure design compared to QDs. This al-
lows better control of their physical properties than do
QDs, by varying shape parameters such as ring width
and outer-inner radius ratio. Moreover we can make cou-
pling between electrons of the ring and a magnetic or a
radiation field. It is also possible to grow QRs on pho-
tonic crystals or optical cavities. These abilities enable
us to control behavior of the rings using quantum elec-
trodynamical effects. The Aharanov-Bohm effect [9, 10]
is a well-known example which arises from the direct in-
fluence of the vector potential on the phase of the elec-
tron wave function. This results in the magnetic-flux-like
splitting of electron energy levels corresponding to mu-
tually opposite electronic rotation[11]. As another ex-
ample one can make coupling between electrons of the
ring and circularly polarized photons which results in the
magnetic-flux-like splitting of the electron energy levels
[12] and oscillations of the ring conductance as a function
of the intensity and frequency of the irradiation [13].
QRs can be coupled to each other in different configu-
rations, result in the formation of the so called artificial
molecules. Experimental realization [14] and theoretical
consideration [15–24] of coupled QRs with different con-
figurations have been reported. The possibility to con-
trol the coupling between rings, their electron distribu-
tion, and electron transition from one ring to another
have widely been considered for multiple quantum rings
[6, 7, 23–43].
In a simple model we can assume a ring to be per-
fect and strictly one dimensional with radius R pierced
by a magnetic flux (Fig.2), and filled with spinless non-
interacting electrons (only one particle per state). In the
single mode regime the 1 particle Hamiltonian in cylin-
3drical coordinates is given by
H =
~2
2m∗R2
(
− i ∂
∂φ
+m′
)2
, (7)
which has the solution
ψl,m′(φ) = e
ilφ, with El,m′ =
~2
2m∗R2
(l −m′)2, (8)
where m′ = Φ/Φ0 (Φ0 = h/e ≈ 4.1 × 10−15 Wb is the
magnetic flux quantum) is the number of flux quanta pen-
etrating the ring and l is the angular momentum of the
electron which is integer due to the boundary condition
ψl,m′(φ + 2pi) = ψl,m′(φ). The spectrum of this Hamil-
tonian has been shown in Fig.3. It consists of parabolas
shifted with respect to each other by one flux quanta.
Each parabola corresponds to a certain value of l.
FIG. 2: Schematic drawing of a one-dimensional ring pierced
by a magnetic flux.
For N electrons the (trivial) total energy and total
angular momentum are
E =
N∑
i
Eli,m′ =
N∑
i
~2
2m∗R2
(li −m′)2, (9)
and
Lz =
N∑
i
li~, (10)
respectively. Here we assumed to be no Coulomb interac-
tion between the electrons. However this interaction can
be described by the capacitance C of the system. Ac-
tually given a certain number N of electrons the energy
that it takes to overcome the Coulomb repulsion in order
to bring one more electron is given by
Eadd =
Ne2
C
+ ∆E, (11)
FIG. 3: Energy spectrum of the ring as a function of the
number of flux quanta penetrating the ring for different values
of the angular momentum l.
where ∆E is the difference of the quantum levels of the
system. The number of electrons on the ring can be tuned
one by one (which is a practical requirement for our con-
figuration of SET), e.g. by adjusting the voltages of the
ring [44–46]. Due to the Coulomb blockade, just at cer-
tain voltages (corresponding to constructive interference
of the electron wave function, which results in high con-
ductance of the ring), the provided energy is sufficient to
compensate energy difference of the N and N + 1 many
particle states in the ring and induce another electron on
the ring [45].
This paper is organized as follows: Sec.I provides an
introduction to the subject. Our model for SET is de-
scribed in Sec.II. In Sec.III we explain the numerical ap-
proach. Our results are shown in Sec.IV. Finally we sum-
marize and conclude with Sec.V.
II. OUR MODEL FOR SET
To expand our work more clearly, let us consider the
schematic drawing of the configuration as shown in Fig.4:
a moving electron passing through a quantum wire sur-
rounded by a triple quantum ring (TQR). The TQR con-
sists of three coaxial quantum rings acting as an electro-
static quadrupole and applying an external interaction
potential on the electron. Assuming the charge distribu-
tion of the rings (q for the side rings and -2q for the inner
ring) to be homogeneous for simplicity, some straightfor-
ward calculations for the interaction potential leads to
4FIG. 4: Schematic drawing of our configuration for SET.
[47]
V (r) =
−2eq
4piε0
∞∑
l=0
P2l(cos θ)
[
r2l<
r2l+1>
P2l(cosα)
− r
′2l
<
r′2l+1>
P2l(0)
]
, (12)
where r<(r>) = min(max)
{
r, [R2 + (d/2)2]1/2
}
,
r′<(r
′
>) = min(max) {r,R}, cosα = d/[4R2 + d2]1/2
and Pl(x)s are the Legendre polynomials. R and d
are the radius and length of the TQR, respectively.
We chose the 2D harmonic oscillator with frequency
ω as the transverse constraint for the quantum wire.
The related radius of the wire can be approximated
as a⊥ = (~/m∗ω)1/2. m∗ is the effective mass of
the electron. The electron moving through the wire
feels two originally different potentials: the external
interaction potential owing to the charged rings and the
2D harmonic potential of the confinement.
In the effective mass approximation the Schro¨dinger
equation governing the motion of the electron with mass
m∗ and energy E = Ec + E⊥ + E|| ≈ EF , is[
− ~
2
2m∗
O2 + V (r) + 1
2
m∗ρ2ω2 + Ec
]
ψ(r) = Eψ(r).
(13)
Here E|| ≈ EF and E⊥ = ~ω(2n + |m| + 1) are the lon-
gitudinal and transverse collision energies respectively.
The radial and azimuthal quantum numbers n and m of
the 2D harmonic oscillator independently takes the val-
ues n = 0, 1, 2, ... and m = 0,±1,±2, ..., respectively.
Performing the scale transformation r → ra0 , E → EE0 ,
ω → ωω0 and V (r) →
V (r)
E0
(here a0 is an arbitrary con-
stant, E0 = ~2/(m∗a20) and ω0 = E0/~; we assume that
a0 = 2nm and m
∗ = 0.067me) leads to the scaled dimen-
sionless Schro¨dinger equation[
−1
2
O2 + V (r) + 1
2
ρ2ω2 + Ec
]
ψ(r) = Eψ(r). (14)
Due to the axial symmetry of the system, the angular
momentum component along the z-axis (m~) is conserved
and one can separate the φ−variable. Therefore the prob-
lem can be reduced to a 2D one. In the asymptotic region,
|z| → ∞, the electric potential (12) falls off as r−3 and
thus it is negligible compared to other terms of the Hamil-
tonian. In this case the axial and transverse motions de-
couple (this is the reason why we use quadrupole instead
of monopole or dipole configuration). Thus the quantum
numbers n and m can be used to label the asymptotic
states (channels) as eiknzΦn,m(ρ, φ), where Φn,m(ρ, φ)s
are the eigenfunctions of the 2D harmonic potential, and
the momentum kn is defined as
kn = 2
√
E′
2
− n− |m|
2
, (15)
with E′ = E − Ec − ω.
Assuming the electron to be initially in the channel n,
the asymptotic wave function (when z → ±∞) takes the
form
ψn,m(r) = e
iknzΦn,m(ρ, φ) +
ne∑
n′=0
f±nn′e
ikn′ |z|Φn′,m(ρ, φ),
(16)
where f±nn′s are the scattering amplitudes which describe
transitions between the channels n and n′. ne is the
number of the open excited transverse channels, i.e. the
maximum value of n′ such that kn′ is real. The scattering
amplitude depends also on m. However, m is conserved.
Hereafter we assume m = 0.
Using the asymptotic wave function (16) one obtains
for the inelastic transmission coefficient Tnn′
Tnn′ = Θ(− n′)kn
′
kn
|δn,n′ + f+nn′ |2, (17)
where Θ(x) is the Heavyside step-function.
III. NUMERICAL APPROACH
To solve Eq.(14) we use the method introduced in [48].
First we discretize (14) on a grid of the angular variable
{θj}Nθj=1 with θj being the roots of PNθ (cos θ) and expand
the solution ψ(r, θ) as
ψ(r, θ) =
Nθ∑
j=1
uj(r)
r
gj(θ), (18)
where gj(θ) =
∑Nθ−1
l=0 Pl(cos θ)Alj . In order for ψ(r, θ)
to be finite at the origin, we must have
uj(r = 0, θ) = 0. (19)
5The coefficients Alj are defined as Alj = [Pˆ
−1]lj and
[Pˆ−1] is the inverse of the Nθ × Nθ matrix [Pˆ ] with
elements [Pˆ ]lj = λjPl(cos θj). Pl(x)s are the normal-
ized Legendre Polynomials and λjs are the weights of
the Gauss quadrature. By substituting (18) into (14) we
arrive at a system of Nθ coupled equations
[− d2
dr2
+ 2(V (r, θj) +
1
2
ω2r2 sin2 θj − E)
]
uj(r)+
1
r2
Nθ∑
j′=1
Nθ−1∑
l=0
λ
1
2
j λ
1
2
j′ l(l + 1)Pl(cos θj)Alj′uj′(r) = 0 (20)
By mapping and discretizing r ∈ (0, rm] onto the uni-
form grid xj ∈ (0, 1] according to rj = rm e
γxj−1
eγ−1 , with
j = 1, 2, ..., N (here rm is chosen in the asymptotic re-
gion r →∞, and γ is a tuning parameter) and using the
finite difference approximation we solve the above sys-
tem of equations with the boundary conditions (16) in a
modified form (in which we eliminate the unknown co-
efficients f±) and (19), for fixed colliding energy E. By
matching the calculated wave function ψ(r, θ) with the
asymptotic behavior (16) at r = rm, we find the scat-
tering amplitudes f±nn′ from which we can calculate Tnn′
(see Eq.(17)).
IV. RESULTS
FIG. 5: The conductance G of the quantum wire as a function
of E′ for upto two open channel for different values of q for
R = 30nm, d = 10nm and a⊥ = 20nm.
In Fig.5 we have depicted G vs E′ for up to two open
channels for different values of q. The results have been
obtained for R = 30nm, d = 10nm and a⊥ = 20nm.
It is obvious that G increases as the number of open
channels increases. However, there are some minimums
which are due to the so-called confinement induced res-
onance (CIR). CIR was first studied for ultracold atoms
FIG. 6: The plot of G vs. E′ in one-mode regime for R =
30nm, d = 20nm and a⊥ = 20nm and for different values of
q.
FIG. 7: The conductance G of the quantum wire as a function
of E′ for different values of q for R = 40nm, d = 10nm and
a⊥ = 20nm in one-mode regime.
in harmonic waveguides by M. Olshanii in 1998 [49]. He
showed that CIR for s-wave scattering is a kind of the
zero-energy Feshbach resonance. It occurs when the total
energy of the incident particle in the confined geometry
coincides with the energy of the quasi-bound state of the
next excited channel. In this case the effective force ex-
perienced by the particle diverges and the transmission
coefficient T , reaches a minimum, which is zero in sin-
gle mode regime (i.e. the particle is totally reflected).
CIR has been studied for higher partial waves as well
[48, 50–52]. We observe the same effect in our problem:
the confining potential induces a resonance which is re-
sponsible for minimization of the transmission coefficient
T .
We see from Fig.5 that for q = −2e as well as q = −5e,
6G remains almost zero (no current) in a relatively wide
range of E′ (i.e., the switch is closed). With increasing
E′, the conductance G increases rather abruptly by 1
unit.
On the other hand, for fixed E′ we can control the
switching process by tuning the applied voltages of the
rings (i.e., changing the charges of the rings).
Fig.6 shows a graph of G vs. E′ in the one-mode
regime. All the parameters in Fig.6 are the same as those
in Fig.5 except for d (= 20nm) which is larger. There is
a peak for each value of q. However, G is smaller on av-
erage compared with Fig.5. For q = −3e and q = −4e,
G is almost zero except for a sharp peak at large E′.
This may allow us to measure small potential difference
δV = Vs − Vd between the source and drain.
Figs.7 and 8 shows our results in single mode regime
for the same parameters as those in Fig.5 but for larger R
(= 40nm) and a⊥ (= 15nm), respectively. The conduc-
tance G tends to increase when we increase the energy of
the electron, remaining nearly constant in its maximum
in a relatively wide range of E′. However it falls into zero
rather abruptly in certain energies. Comparing these fig-
ures with Fig.5 shows dependence of the conductance on
R and a⊥. The larger R or the smaller a⊥, the larger on
average the conductance is.
So far we have considered the case q < 0, i.e., the side
rings have gained electrons while the inner ring has lost
electrons. Fig.9 showsG vs E′ for the reverse case (q > 0)
for the same parameters as Fig.5. In this case G changes
very slowly as E′ increases except for a sharp peak at
large E′ near to the next channel threshold. The peak
shifts to the left as q increases. The larger q, the smaller
on average the conductance is. This is because of the
fact that for larger q the moving electron experiences a
stronger potential barrier (see Fig.10). The stronger the
potential barrier, the less the probability of tunneling is.
To explain the dependence of G on the sign of q we
have plotted a schematic diagram of the interaction po-
tential V (r) along the z-axis in Fig.10. The shape of the
potential depends on the sign of q. For q < 0 there is
a strong well between two weak barriers. The potential
may support quasi-bound state leading to CIR. While
for q > 0 we see two shallow minimums separated by
a strong potential barrier. The electron transmission is
based on tunneling through this barrier.
V. SUMMARY AND CONCLUSION
In summary, we have introduced a new kind of single
electron transistor based on quadrupole configuration of
quantum rings. With setting the charges of the rings, we
can control conductance of the wire. Due to the Coulomb
blockade, the charges of the rings can be changes just
in specific voltages which can be engineered by apply-
ing magnetic field and/or circularly polarized light. This
allows better control of the switching process compared
to the usual single electron transistor based on quantum
FIG. 8: The conductance G of the quantum wire as a function
of E′ in one-mode regime for R = 30nm, d = 10nm and
a⊥ = 15nm for different values of q .
FIG. 9: The plot of G as a function of E′ in one-mode regime
for R = 30nm, d = 10nm and a⊥ = 20nm for different values
of q. Here q is positive.
dots.
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7FIG. 10: Schematic graph of the interaction potential V (r)
along the z−axis (x=y=0) for q < 0 (solid line) and q > 0
(dashed line).
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